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Abstract
David P. Bellamy and Lewis Lum defined the set functionR to study arcwise connected homogeneous continua. We study such
a set function defined on arcwise connected continua.
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1. Introduction
In 1981 David P. Bellamy and Lewis Lum defined the set function R [2, p. 393] to study arcwise connected
homogeneous continua. We study such set function on arcwise connected continua.
After the section about definitions, in Section 3 we present several examples to indicate that R may or may not
satisfy certain property. In Section 4, we give several properties ofR, in particular, we show that an arcwise connected
continuum X is colocally arcwise connected if and only if R is the identity map on 2X . The set function R coincides
with the set function K on locally connected continua. We also prove that if X is a nonlocally connected uniquely
arcwise connected continuum, then R({x}) = {x} for some point x ∈ X. In addition, we prove that a uniquely arcwise
connected continuum is R-symmetric if and only if it is point R-symmetric and R-additive.
In Section 5 we study the set function R on cyclicly connected continua X and we show that R(A) =⋃{R({a}) |
a ∈ A} for any A ∈ 2X . This result implies that for homogeneous arcwise connected continua X, R is the identity
map on 2X . In Section 6, we study arcwise connected continua for whichR is continuous. We prove that if X is either
colocally arcwise connected or locally connected or homogeneous and arcwise connected, then R is continuous. We
also give several families of dendroids for which R is continuous.
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2. Definitions
If (Z,d) is a metric space, then given A ⊂ Z the interior of A is denoted by IntZ(A), the boundary of A is denoted
by BdZ(A) and its closure is denoted by ClZ(A). We omit the subindices if there is not a possibility of confusion.
Given a positive number ε and a nonempty closed subset A of Z, Vε(A) denotes the open ε-ball about A. For a metric
space Z, 1Z denotes the identity map on Z.
An arc is any space homeomorphic to [0,1]. The end points of an arc are the images of 0 and 1 under any
homeomorphism. A simple closed curve is any space homeomorphic to the unit circle S1.
The metric space Z is said to be arcwise connected provided that for any two points z0 and z1 of Z, there exists an
arc having z0 and z1 as its end points. An arcwise connected metric space Z is said to be uniquely arcwise connected
if it does not contain simple closed curves. The metric space Z is colocally arcwise connected provided that for each
z ∈ Z, z has arbitrarily small neighborhoods whose complements are arcwise connected. A metric space Z is cyclicly
connected provided that every pair of points of Z are contained in a simple closed curve.
Let Z be a metric space, a family Γ of nonempty subsets of Z is a filterbase provided that for any two elements
G1 and G2 of Γ , there exists G3 ∈ Γ such that G3 ⊂ G1 ∩G2.
A continuum is a compact connected metric space. A subcontinuum of a space Z is a continuum contained in Z.
A continuum is hereditarily unicoherent if the intersection of any two of its subcontinua is connected. A dendroid is
an arcwise connected hereditarily unicoherent continuum. A locally connected dendroid is called a dendrite. Let X be
a dendroid, a point p ∈ X is a ramification point if it is the common end point of at least three arcs which are pairwise
disjoint except for p; a point p ∈ X is an end point if it is an end point of every arc in X containing p. A fan is a
dendroid with only one ramification point. Given two points x and y of a dendroid X, xy denotes the unique arc in X
with x and y as end points.
Given a continuum X, the symbol 2X denotes the hyperspace of X of nonempty closed subsets X topologized
with the Hausdorff metric [10, (0.1)]. The symbol C(X) denotes the hyperspaces of subcontinua of X. Note that, by
definition, C(X) ⊂ 2X . If V is a nonempty subset of X, then
〈V 〉 = {A ∈ 2X | A ⊂ V }
and
〈X,V 〉 = {A ∈ 2X | A∩ V = ∅}.
It is known that the family {〈V 〉 | V is a nonempty open subset of X} ∪ {〈X,V 〉 | V is a nonempty open subset of X}
forms a subbasis for the Vietoris topology for 2X [11, 4.5]. It is also known that the Vietoris topology for 2X and the
Hausdorff metric topology for 2X coincide [10, (0.13)].
Given an arcwise connected continuum X and A ∈ 2X , we define N (A) as the set:
N (A) = {U ⊂ X | U is arcwise connected and A ⊂ IntX(U)}.
Given an arcwise connected continuum X, we define the set function R : 2X → 2X as follows: If A ∈ 2X , then
R(A) =
⋂{
ClX(U) | U ∈N (A)
}
.
If X is an arcwise connected continuum, we say that X is R-additive if for every Λ ⊂ 2X such that ⋃Λ ∈ 2X , we
have thatR(⋃Λ) =⋃{R(L) | L ∈ Λ}. We say that X isR-symmetric provided that for all A,B ∈ 2X , A∩R(B) = ∅
whenever R(A) ∩ B = ∅. We say that X is point R-symmetric if for all p,q ∈ X, p ∈R({q}) whenever q ∈R({p}).
We say that R is continuous for X provided that R is a continuous function.
3. Examples
Example 3.1. Let Z = ClR2{(x, sin( 1x )) ∈ R2 | x ∈ (0, 12π ]}. Then Z is called the topologist sine curve. Let α be an
arc in R2 joining ( 1 ,0) with (0,−1) such that Z ∩α = {(0,−1), ( 1 ,0)}. Now, let X = Z ∪α. Then X is called the2π 2π
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Note that if (x, y) ∈ X \ ({0} × [−1,1]), then R({(x, y)}) = {(x, y)}, meanwhile R({(0, y)}) = X for all y ∈ [−1,1].
In general, the image of a subcontinuum under R is not connected, as it is shown in the next example, compare
with Theorems 4.2 and 4.7, Corollaries 4.13 and 5.4.
Example 3.2. Let C be the Cantor ternary set in [0,1]× {0}. For each c ∈ C, let c be the convex arc in the plane, R2,
joining the point ( 12 ,1) with the point c. Let Y =
⋃
c∈C c . Then Y is called the Cantor fan. The point ( 12 ,1) is called
the top of the Cantor fan. Next, consider all semi-circles with nonpositive ordinates, with centre ( 12 ,0) and endpoints
on C. Let X be Y plus all these semi-circles. Now, let x ∈ X \ {( 12 ,1)}. Then R({x}) = {x, ( 12 ,1)}. Hence, the image
of a continuum under R may not be connected.
We may have arcwise connected continua for which continua are sent to continua by R as seen in the following:
Example 3.3. Let X be the suspension over the Cantor set. Then it is easy to see that R({x}) = {x} for each x ∈ X. In
fact, by Theorem 4.2, R(A) = A for all A ∈ 2X .
Example 3.4. Let X1 and X2 be two copies of the Warsaw circle, Example 3.1. Define X as the union of X1 and X2
with their end points identified. Note that if x is a point in the limit bar of X1, then R({x}) = X1 and R(X1) = X.
Therefore, in general, R ◦R =R.
4. General properties
We start pointing out some easy consequences of the definition of R.
Remark 4.1. If X is an arcwise connected continuum and A,B ∈ 2X such that A ⊂ B , then R(A) ∈ 2X , A ⊂R(A)
and R(A) ⊂R(B).
The following result characterizes arcwise connected continua X for which R is the identity map on 2X .
Theorem 4.2. (See [4, Theorem 26].) An arcwise connected continuum X is colocally arcwise connected if and only
if R(A) = A for all A ∈ 2X .
Proof. Suppose X is colocally arcwise connected. Let A ∈ 2X and let x ∈ X \ A. Then there exists an open set V
of X such that x ∈ V ⊂ ClX(V ) ⊂ X \ A. By our assumption, there exists a neighborhood U of x in X such that
x ∈ U ⊂ V and X \ U is arcwise connected. It follows that A ⊂ X \ ClX(V ) ⊂ X \ U . Hence, X \ U ∈N (A). Thus,
R(A) ⊂ X \U ⊂ X \ {x}. This implies that R(A) ⊂ A. Therefore, by Remark 4.1, R(A) = A.
Now, assume that R(A) = A for all A ∈ 2X . Let x ∈ X and let V be an open subset of X such that x ∈ V . Since V
is open, X \ V is closed. Then, by hypothesis, R(X \ V ) = X \ V . Hence, x ∈ X \R(X \ V ), and thus, there exists
U ∈N (X \ V ) such that x ∈ X \ ClX(U). This implies that x ∈ X \ ClX(U) ⊂ X \U ⊂ V . It follows that X \ U is a
neighborhood of x in X whose complement is arcwise connected. Therefore, X is colocally arcwise connected. 
Let X be a continuum. Recall that for any A ∈ 2X ,
K(A) =
⋂{
W ∈ C(X) | A ⊂ IntX(W)
}
.
Remark 4.3. Let X be an arcwise connected continuum. Note that for all A ∈ 2X , K(A) ⊂R(A). Let us also observe
that, in general, K = R. If X is the Warsaw circle, Example 3.1, and x is a point of the limit bar, J , of X, then
K({x}) = J , meanwhile R({x}) = X.
Since arcwise connected, colocally arcwise connected continua are colocally connected, by Theorem 4.2 and [4,
Theorem 26], we have the following:
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A ∈ 2X .
The next result gives us another class of continua on which R and K coincide.
Theorem 4.5. If X is a locally connected continuum, then R(A) =K(A) for all A ∈ 2X .
Proof. Suppose X is a locally connected continuum. Let A ∈ 2X . Then, by the definitions ofR andK,K(A) ⊂R(A).
Let z ∈ X \K(A). Then there exists W ∈ C(X) such that A ⊂ IntX(W) and z ∈ X \W . Let r = 12 inf{d(z,w) | w ∈
W }. Since X is locally connected, for each w ∈ W there exists an arcwise connected neighborhood Vw of w in X such
that diam(Vw) < r [5, 3–29]. Since W is compact, there exist w1, . . . ,wn ∈ W such that W ⊂⋃nj=1 IntX(Vwj ). Let
U =⋃nj=1 Vwj . Then U ∈N (A) and z ∈ X \ ClX(U). Hence, z ∈ X \R(A). Therefore, R(A) =K(A). 
Let X be a continuum, and let x ∈ X. We say that x is a cut point of X if X \ {x} is not connected. Let A ∈ 2X .
Then the cut point x of X separates A provided that there exist two disjoint open subsets U and V of X such that
X \ {x} = U ∪ V , U ∩A = ∅ and V ∩A = ∅.
As a consequence of Theorem 4.5 and [4, Theorem 34], we have the following.
Corollary 4.6. If X is a locally connected continuum and A ∈ 2X , then R(A) = A ∪ CA, where CA is the set of cut
points of X that separate A.
Theorem 4.7. If X is a locally connected continuum, then R(A) = A for all A ∈ C(X).
Proof. This follows easily from the fact that locally connected continua are uniformly locally arcwise connected [5,
3–29]. 
Remark 4.8. Note that Theorem 4.7 cannot be extended to the hyperspace of all closed subsets of the continuum. To
see this, note that R({ 13 , 23 }) = [ 13 , 23 ], when X = [0,1].
Theorem 4.9. Let X be a uniquely arcwise connected continuum. If X is not locally connected, then there exists p ∈ X
such that R({p}) = {p}.
Proof. Let X be a uniquely arcwise connected, not locally connected continuum. Choose p ∈ X such that X is not
connected im kleinen at p. Hence, there exists δ > 0 such that if V is a neighborhood of p and V ⊂ Vδ(p), then V is
not connected.
Let V be a neighborhood of p such that ClX(V ) ⊂ Vδ(p), and let B be the component of ClX(V ) containing p
then [12, (12.1), p. 18]
(i) there exist a sequence {An}∞n=1 of components of ClX(V ) and a subcontinuum A of B containing p such that:
limn→∞ An = A; note that for all n = j , An ∩Aj = ∅ and that for every n, An ∩A = ∅;
(ii) p ∈ A;
(iii) if x ∈ A, then X is not connected im kleinen at x;
(iv) A ⊂ Vδ(p).
Take a sequence {xn}∞n=1 ⊂ Vδ(p) with the properties that
xn ∈ An and lim
n→∞xn = p.
For each n, let βn denote the unique arc joining xn with p. Since βn is a continuum that intersects An and A, then
βn ∩
(
X \ ClX
(Vδ(p))) = ∅.
Since C(X) is compact, we assume, without loss of generality, that the sequence {βn}∞n=1 converges to β ∈ C(X).
Clearly, p ∈ β and β is nondegenerate, in fact, β ∩ BdX(Vδ(p)) = ∅.
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ε > 0 such that Vε(p) ⊂ U . Since {xn}∞n=1 converges to p, there exists a positive integer N such that for all n N ,
xn ∈ Vε(p). Hence, since X is uniquely arcwise connected, for each n N , βn ⊂ U , for U is an arcwise connected
neighborhood of p. Therefore, βn ⊂ U for all n  N . This implies β ⊂ ClX(U). Therefore, β ⊂⋂{ClX(U) | U ∈
N ({p})}, and R({p}) = {p}. 
Remark 4.10. Observe that Example 3.3 shows that the hypothesis for X to be uniquely arcwise connected is neces-
sary in Theorem 4.9.
Combining Theorems 4.7 and 4.9 we have the following theorem, compare with Theorem 4.2 and Remark 4.8.
Theorem 4.11. Let X be a uniquely arcwise connected continuum. Then X is locally connected if and only if R(A) =
A for all A ∈ C(X).
Proof. By Theorem 4.7, we have that if X is locally connected, then R(A) = A for all A ∈ C(X).
To prove the reverse implication, assume that X is not locally connected. Then, by Theorem 4.9, there exists x ∈ X
such that R({x}) = {x}. 
Lemma 4.12. If X is a uniquely arcwise connected continuum and A ∈ 2X , then N (A) is a filterbase.
Proof. It is easy to see that if U1 and U2 belong to N (A), then U1 ∩U2 ∈N (A). 
Corollary 4.13. If X is a uniquely arcwise connected continuum and A ∈ 2X , then R(A) ∈ C(X).
Remark 4.14. Observe that Corollary 4.13 is not true when X is not uniquely arcwise connected, as can be easily
seen on the unit circle S1.
Theorem 4.15. (See [9, Theorem 3.2].) Let X be an arcwise connected continuum. If Γ is a filterbase of closed subsets
of X, then R(⋂Γ ) =⋂{R(G) | G ∈ Γ }.
Proof. By Remark 4.1, R(⋂Γ ) ⊂⋂{R(G) | G ∈ Γ }.
Let x ∈ X \R(⋂Γ ). Then there exists U ∈N (⋂Γ ) such that x ∈ X \ ClX(U). Since ⋂Γ ⊂ IntX(U) and Γ is
a filterbase, there exists G ∈ Γ such that G ⊂ IntX(U). This implies that U ∈N (G). Hence, R(G) ⊂ ClX(U) and
x ∈ X \R(G). Therefore ⋂{R(G) | G ∈ Γ } ⊂R(⋂Γ ). 
The next theorem provides an alternative way to show that a continuum is R-additive.
Theorem 4.16. (See [9, Theorem 3.11].) Let X be a uniquely arcwise connected continuum. Then X is R-additive if
and only if R(A∪B) =R(A)∪R(B) for all A,B ∈ 2X .
Proof. Suppose that for all A,B ∈ 2X , R(A∪B) =R(A)∪R(B). Let Λ ⊂ 2X such that ⋃Λ ∈ 2X . By Remark 4.1,⋃{R(L) | L ∈ Λ}⊂R(⋃Λ).
Let x ∈ X\⋃{R(L) | L ∈ Λ}. For each L ∈ Λ, let F(L) = {A ∈ 2X | L ⊂ IntX(A)}. Let L ∈ Λ. Since L ∈ 2X , F(L) is
a filterbase of closed subsets of X and
⋂{A | A ∈ F(L)} = L. Then, by Theorem 4.15,R(L) =⋂{R(A) | A ∈ F(L)}.
Hence, for each L ∈ Λ, x ∈ X \⋂{R(A) | A ∈ F(L)}, and thus, for each L ∈ Λ, there exists AL ∈ F(L) such that
x ∈ X \R(AL). Note that {IntX(AL) | L ∈ Λ} is an open cover of ⋃Λ. Since ⋃Λ ∈ 2X , there exist L1, . . . ,Lm ∈ Λ
such that
⋃
Λ ⊂
m⋃
IntX(ALj ).j=1
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R
(⋃
Λ
)
⊂
m⋃
j=1
R(ALj ).
Now, since for every j ∈ {1, . . . ,m}, x ∈ X \R(ALj ), it follows that x ∈ X \R(
⋃
Λ).
The other implication is clear. 
Theorem 4.17. (See [9, Lemma 3.23].) Let X be an arcwise connected continuum. If X is R-symmetric, then for all
A,B ∈ 2X , R(A∪B) =R(A)∪R(B).
Proof. Suppose X is R-symmetric. Let A,B ∈ 2X . By Remark 4.1 R(A) ∪R(B) ⊂R(A ∪ B). Let x ∈R(A ∪ B).
Since X is R-symmetric, R({x})∩ (A∪B) = ∅. Hence, R({x})∩A = ∅ or R({x})∩B = ∅. Thus, by R-symmetry,
x ∈R(A)∪R(B). 
Theorem 4.18. Let X be a uniquely arcwise connected continuum. If X is point R-symmetric and R-additive, then X
is R-symmetric.
Proof. Suppose X is point R-symmetric and R-additive. Let A,B ∈ 2X such that A∩R(B) = ∅. Let x ∈ A∩R(B).
Then x ∈ R(B). Since X is R-additive, by Theorem 4.16, R(B) =⋃{R({b}) | b ∈ B}. Hence, there exists b ∈ B
such that x ∈R({b}). Since X is point R-symmetric, b ∈R({x}). Thus, b ∈R({x})∩B ⊂R(A)∩B . 
As a consequence of Theorems 4.16, 4.17 and 4.18, we have the following:
Corollary 4.19. Let X be a uniquely arcwise connected continuum. Then X is R-symmetric if and only if X is point
R-symmetric and R-additive.
5. Cyclicly connected continua
Now we turn our attention to cyclicly connected continua. First we prove the following result, which is used in the
proof of Theorem 5.3.
Lemma 5.1. Let X be an arcwise connected continuum, let A ∈ 2X and let x ∈ X. If x ∈ X \R(A), then there exists
an open subset V of X such that A ⊂ V and x ∈ X \R(ClX(V )).
Proof. Suppose x ∈ X \R(A). Then there exists U ∈N (A) such that x ∈ X \ ClX(U). Since X is a metric space,
there exists an open subset V of X such that A ⊂ V ⊂ ClX(V ) ⊂ IntX(U). Hence, R(ClX(V )) ⊂ ClX(U). Therefore,
x ∈ X \R(ClX(V )). 
The next result shows that cyclicly connected continua satisfy a weak version of R-additivity.
Theorem 5.2. If X is a cyclicly connected continuum, then R(A∪B) =R(A)∪R(B) for all A,B ∈ 2X .
Proof. Let A,B ∈ 2X . By Remark 4.1, R(A) ∪R(B) ⊂ R(A ∪ B). Let x ∈ X \R(A) ∪R(B). Then there exist
UA ∈N (A) and UB ∈N (B) such that x ∈ X \ (ClX(UA)∪ClX(UB)). Let a ∈ UA and let b ∈ UB . Since X is cyclicly
connected, there exists an arc α having a and b as end points such that x ∈ X \ α. Hence, UA ∪ α ∪ UB ∈N (A ∪ B)
and x ∈ X \ (ClX(UA)∪ α ∪ ClX(UB)). Thus, x ∈ X \R(A∪B). Therefore, R(A∪B) =R(A)∪R(B). 
As a consequence of Lemma 5.1 and Theorem 5.2, we have another weak version of R-additivity for cyclicly
connected continua:
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R(A) =
⋃{R({a}) | a ∈ A}
for all A ∈ 2X .
Proof. Let A ∈ 2X . Hence, by Remark 4.1, ⋃{R({a}) | a ∈ A} ⊂R(A). Let x ∈ X \⋃{R({a}) | a ∈ A}. Thus, by
Lemma 5.1, for each a ∈ A, there exists an open subset Va of X such that a ∈ Va and x ∈ X \R(ClX(Va)). Since
A is compact and {Va | a ∈ A} is an open cover of A, there exist a1, . . . , an ∈ A such that A ⊂ ⋃nj=1 Vaj . Since
for every j ∈ {1, . . . , n}, x ∈ X \R(ClX(Vaj )), x ∈ X \
⋃n
j=1R(ClX(Vaj )). By Theorem 5.2,
⋃n
j=1R(ClX(Vaj )) =
R(⋃nj=1 ClX(Vaj )) ⊃R(A), Remark 4.1. Thus, x ∈ X \R(A). Therefore, R(A) =⋃{R({a}) | a ∈ A} for all A ∈
2X . 
Since arcwise connected homogeneous continua are cyclicly connected [2, Theorem 3], by [2, Corollary 1] and
Theorem 5.3, we obtain:
Corollary 5.4. If X is an arcwise connected homogeneous continuum, then R(A) = A for all A ∈ 2X .
Remark 5.5. Note that, in general, R = 12Z for cyclicly connected continua Z. To see this, let X be the Warsaw
circle (Example 3.1). For each positive integer n, let αn be an arc joining (0,1) with ( 2π+4nπ ,1) in such a way that if
n = m, then αn ∩ αm = {(0,1)} and limn→∞ diam(αn) = 0. Let Z = X ∪ (⋃∞n=1 αn). Then Z is a cyclicly connected
continuum and R({(0,0)}) = {(0, t) ∈R2 | t ∈ [0,1]}.
From Theorem 4.2 and Corollary 5.4, we have:
Corollary 5.6. If X is an arcwise connected homogeneous continuum, then X is colocally arcwise connected.
6. Continuity ofR
We begin showing that R is always upper semicontinuous.
Theorem 6.1. (See [9, Theorem 3.3].) Let X be an arcwise connected continuum. If V is a nonempty open subset of
X, then R−1(〈V 〉) is open in 2X; i.e., R is upper semicontinuous.
Proof. Let V be a nonempty open subset of X and let A ∈R−1(〈V 〉). Define Γ = {G ∈ 2X | A ⊂ IntX(G)}. Note
that Γ is a filterbase and
⋂
Γ = A. Thus, by Theorem 4.15, R(A) =R(⋂Γ ) =⋂{R(G) | G ∈ Γ }. Since X \ V
is compact and {X \R(G) | G ∈ Γ } is an open cover of X \ V , there exists G1, . . . ,Gn ∈ Γ such that X \ V ⊂⋃n
j=1(X \R(Gj )) = X \
⋂n
j=1R(Gj ). Let U =
⋂n
j=1 IntX(Gj ). Note that A ∈ 〈U 〉. Let B ∈ 〈U 〉. Then B ⊂ Gj for
each j ∈ {1, . . . , n}. Hence, R(B) ⊂⋂nj=1R(Gj ) ⊂ V . Therefore, R(B) ∈ 〈V 〉 and 〈U 〉 ⊂R−1(〈V 〉). 
Remark 6.2. Note that R may not be continuous even for uniquely arcwise connected continua. This can be seen
using the Warsaw circle, Example 3.1.
The next theorem gives us several classes of continua for which R is continuous.
Theorem 6.3. Let X be an arcwise connected continuum. Suppose X satisfies one of the following conditions:
(1) X is colocally arcwise connected;
(2) X is locally connected;
(3) X is homogeneous.
Then R is continuous for X.
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is locally connected. Since K is continuous on locally connected continua [4, Theorem 36], by Theorem 4.5, R is
continuous for X. Finally, suppose X is homogeneous. Then, by Corollary 5.4, R is continuous for X. 
Let X be a hereditarily unicoherent continuum. Note that the set function g that Goodykoontz defined in [3] is
actually K. Also observe that if X is a dendroid, then{
W ∈ C(X) | A ⊂ IntX(W)
}= {ClX(U) | U ∈N (A)}.
Hence, if X is a dendroid, R(A) =K(A) for all A ∈ 2X . Therefore, as a consequence of this equality and [3, Theo-
rem 7], we obtain:
Theorem 6.4. If X is a dendroid and R is continuous at {x} for each x ∈ X, then R is continuous.
A dendroid X is smooth if there exists a point p ∈ X, called initial point, such that for any point x ∈ X and any
sequence {xn}∞n=1 of points of X converging to x, the sequence {pxn}∞n=1 of arcs converges, in the Hausdorff metric,
to the arc px.
As an application of Theorem 6.4, let us note the following examples of dendroids for which R is continuous:
Example 6.5. It is easy to see that if Y is the Cantor fan, Example 3.2, then Y is a smooth dendroid having its top, v,
as initial point, and R({y}) = vy, for all y ∈ Y . Thus, R is continuous at {y} for every y ∈ Y . Hence, by Theorem 6.4,
R is continuous for Y .
Example 6.6. Let L be the Lelek fan [7, p. 314] and let v the top of L. Note that L is a smooth fan and the set of end
points of L is dense in L. Hence, for each point x ∈ L and each U ∈N ({x}), the arc vx is contained in U . In fact,
R({x}) = vx. Thus, by Theorem 6.4, R is continuous for L.
Example 6.7. Let H be the hairy arc and let B the base arc of H [1, Definition 2.3]. Given a point x ∈ H \B , let xB
be the unique point in B such that xxB ∩ B = {xB}. Note that, by definition, H is a smooth dendroid and it is known
that the set of end points of H is dense in H [1, Corollary 2.5]. Hence, for each point x ∈ H and each U ∈N ({x}),
the arc xxB is contained in U . In fact, R({x}) = xxB . Thus, by Theorem 6.4, R is continuous for H .
More generally, we consider the family of weak hairy arcs:
Example 6.8. Let WH be a weak hairy arc and let B be the (possibly degenerate) base arc of WH [8, pp. 263 and
272]. Note that the point, the arc, the Lelek fan and the hairy arc are examples of weak hairy arcs. Observe that, by [8,
Corollary 20], any ramification point of WH is the vertex of a simple triod or the top of a Lelek fan, and WH contains
at most countably many disjoint Lelek fans [8, Corollary 21]. Hence, WH is locally arcwise connected at each point of
B , andR({x}) = {x} for every x ∈ B . Now, let x ∈ WH \B and let xB the unique point of B such that xxB ∩B = {xB}.
Then, since the set of end points of WH is dense in WH \ B [8, pp. 263 and 272], for any U ∈N ({x}), the arc xxB
is contained in U . In fact, R({x}) = xxB . Thus, since WH is a smooth dendroid, by Theorem 6.4, R is continuous
for WH.
Other examples are constructed as follows:
Example 6.9. Let X ∈ {Y,WH}, where Y is the Cantor fan (Example 6.5), and WH is a weak hairy arc (Example 6.8).
Let v denote the top of Y , or an end point of the base arc B of WH. Let W(X)C = X ×C, where C is the Cantor set,
let W(X)N = X × ({ 1n }∞n=1 ∪ {0}) and let W(X)n = X × {1, . . . , n}, where n is a positive integer. Let
Z(X)C = W(X)C/
{
(v, c) | c ∈ C};
Z(X)N = W(X)N/
{
(v, k) | k ∈
{
1
}∞
∪ {0}
}
;n n=1
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Z(X)n = W(X)n/
{
(v, j) | j ∈ {1, . . . , n}}
(i.e., we identify the tops of the fan to a point, for X = Y , or one of the end points of the copies of B , for X = WH).
Similar arguments to the ones given in the previous examples show that R is continuous for Z(X)C , Z(X)NN and
Z(X)n.
Example 6.10. Given a dendrite D, let x ∈ D. Let W(D)C = D ×C, where C is the Cantor set. Define
Z(D){x,C} = W(D)C/
{
(x, c) | c ∈ C}.
Then, as before, R is continuous for Z(D){x,C}.
Question 6.11. Does there exist a dendroid, which is neither a dendrite nor any of the spaces in Examples 6.5, 6.8,
6.9, and 6.10, for which R is continuous?
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